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E-mail address: stefan.schulze@csp.fraunhofer.de (Laminated glass beams and plates are widely used in glazing and photovoltaic applications. One feature
of these structures is a relatively thin and compliant polymeric layer for embedding solar cells. Proper
design of photovoltaic glass modules requires an analysis of transverse shear strain distribution in poly-
meric encapsulant. In this paper a three layered beamwith glass skins and a polymeric core is applied as a
model structure to evaluate the mechanical properties. Robust relationships between the maximum
deﬂection, the transverse shear strain of the core layer and the applied force in a three-point-bending test
of laminated glass beam samples are derived. The ﬁrst order shear deformation beam theory and a layer-
wise type beam theory are applied. An expression for the transverse shear stiffness of the laminated glass
beam is presented. The results for the maximum deﬂection are compared with the results discussed in
the literature. Furthermore, a three-dimensional ﬁnite element analysis is performed to verify the applied
beam theories. Three-point-bending tests for laminated glass beams with core layers from different poly-
meric materials are performed. The experimental data for the maximum deﬂection are compared with
the derived expressions.
Crown Copyright  2012 Published by Elsevier Ltd. All rights reserved.1. Introduction the form of microcracks and loss of functionality of the module.Typical solar modules consist of a transparent front glass, a thin
polymeric interlayer and a thin polymeric back sheet. Thin ﬁlm
modules or crystalline cell modules designed for the use in build-
ing integrated applications frequently include an additional glass
back side. One purpose for this back glass is to protect the photo-
electric semiconductor against environmental inﬂuences, such as
moisture. Furthermore, modules in laminated glass design exhibit
better stiffness and strength properties if compared to modules
with thin polymer back sheets. Figs. 1 and 2 illustrate the basic
components of crystalline silicon solar cell modules and thin ﬁlm
modules, respectively. Since solar cells are usually made of brittle
and thin silicon wafers, they are embedded in a compliant poly-
meric encapsulant. Materials like ethylene-vinylacetate (EVA),
polyvinylbutyral (PVB) or thermoplastic silicon elastomer (TPSE)
are examples of polymers that can be used for embedding solar
cells (Schulze et al., 2009). During certiﬁcation procedures accord-
ing to IEC 61215 (2005) and IEC 61646 (2008) or during operation,
solar modules must withstand mechanical loads, e.g. distributed
snow loads or wind pressure. Additionally, they are subjected to
non-stationary thermal environment including daily or season-
dependent temperature cycles. The magnitudes of loads trans-
ferred to the solar cell can be high enough to cause failures in012 Published by Elsevier Ltd. All r
x: +49 345 5589 101.
S.-H. Schulze).Therefore, proper design of solar modules for the safe operation
over a long period of time is required. Important parameters that
inﬂuence the load bearing capacity are the thickness and the mate-
rial properties of the layers. Because the polymeric interlayer is of
organic nature, environmental effects can lead to a change of
mechanical properties over time. Therefore, the aging of the inter-
layer can affect the stress state in a solar cell. The analysis of
changing interlayer properties is crucial for the mechanical design
of solar modules. To this end laboratory tests under the simulated
weathering conditions can be performed. Based on the test results
a suitable technique to determine the mechanical properties of
interlayers in a laminate structure after simulated is required.
To examine the load transfer between the layers as well as the
mechanical behavior of the encapsulant, a three-layered beam
with glass skins and a polymeric core can be used as a model struc-
ture. Bending tests on laminated glass beam samples can be per-
formed to assess the deformation and strength characteristics of
photovoltaic modules (Dietrich et al., 2008). In many cases equa-
tions of the beam theory can be solved in a closed analytical form
providing the relations between the applied forces and deforma-
tions. Such relations allow rapid evaluation of the experimental
data obtained from three- or four-point bending tests and are
important for design of solar modules. Furthermore, results of
the beam analysis are useful to derive a suitable plate theory for
the modeling of real solar modules.
To analyze the behavior of laminated glass beams and plates
various structural mechanics models are available. A widely usedights reserved.
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Fig. 1. Components of crystalline solar modules.
junction box
back sheet or glass
encapsulant
electrical conductor
thin film layer
front glass
Fig. 2. Components of thin ﬁlm solar modules.
2028 S.-H. Schulze et al. / International Journal of Solids and Structures 49 (2012) 2027–2036approach for sandwich and laminate structures is the ﬁrst order
shear deformation theory (FSDT) of beams and plates (Altenbach
et al., 1998; Szilard, 2004). The principal assumptions of this theory
is that the beam cross sections or normals to the midsurface of a
plate behave like rigid bodies during the deformations and the
mechanical interactions between the cross sections are forces
and moments. The advantage of this theory is the possibility to
solve the governing differential equations in a closed analytical
form for beams and plates of various shapes. Closed form solutions
or approximate analytical solutions for beams and plates according
to the FSDT are presented in Altenbach et al. (1998), Brank (2008),
Naumenko et al. (2001), Reddy and Wang (2000), among others.
The basic feature of laminated glass photovoltaic modules, if
compared to sandwiches and laminates of light-weight structures,
is the layered composite with stiff skin layers and relatively thin
and compliant polymer encapsulant layer. Let Gs be the shear mod-
ulus of the glass skin layer and Gc the shear modulus of the poly-
meric layer. The ratio of the shear moduli l = Gc/Gs for materials
used in photovoltaics is in the range between 105 and 102,
depending on the type of polymer and the temperature (Schulze,
2011). For classical sandwich applications this ratio is in the range
of 102 and 101. In addition, in classical sandwich structures the
face sheets are thin in comparison with the core, while in photo-
voltaic applications the face layers are thick and the core is extre-
mely thin.
For such extreme differences in the stiffness properties of the
constituents and the layer thickness ratios the FSDT may fail to
predict the deformation properties of the laminate correctly. To
model the behavior of laminates with extremely different proper-
ties zig–zag or layer-wise theories (LWT) of beams and plates can
be applied. The displacements are approximated by piecewise
functions with respect to the thickness coordinate such that the
compatibility between the layers is fulﬁlled. Then the governing
equations of the three-dimensional elasticity theory are reduced
to the two-dimensional plate equations or one-dimensional beam
equations by means of variational methods or asymptotic tech-
niques. For a recent review of zig–zag and layer-wise theories we
refer to Carrera (2003).
Photovoltaic structures can also be analyzed by the use of three-
dimensional theory of elasticity and applying the ﬁnite element
method for the numerical solution. To this end various types ofcontinuum shell ﬁnite elements and three-dimensional solid ﬁnite
elements available in commercial codes, e.g. ABAQUS (2003), can
be applied. Due to extreme differences in material properties of
constituents and the relatively low thickness of the core layer con-
siderable numerical effort is required to obtain the results with a
desired accuracy. In particular, care should be taken for ﬁnite ele-
ment meshing the core layer in order to compute the transverse
shear strains and the related stresses accurately.
Laminated glass beams and plates with PVB core layer are
widely used in the civil engineering and automotive industry.
Therefore, several approaches to the structural and experimental
analysis have been developed and discussed in the literature. In
Asik and Tezcan (2005), Koutsawa and Daya (2007) layer-wise type
models for laminated glass beams are presented. The assumption is
made that glass skin layers deform according to the Bernoulli–Eu-
ler beam theory, i.e. the transverse shear deformations are negligi-
ble. The soft core layer carries out the transverse shear stress only,
while the bending moment and the normal force are negligible.
The axial displacement of the laminate is approximated by a piece-
wise linear function over the thickness coordinate while the deﬂec-
tion is assumed constant. Applying the principle of virtual work,
equations for a laminated glass beam are derived. In Asik and Tez-
can (2005) geometrically non-linear terms in expressions for axial
strains are additionally considered. The developed beam theory is
applicable for the ﬁnite deﬂection bending in the sense of von
Kármán’s assumptions (Altenbach et al., 1998). For a simply sup-
ported beam a closed form analytical solution is derived. The re-
sults for the maximum deﬂection are found to be in good
agreement with experimental data of the three-point bending for
a laminated glass beamwith the PVB core layer. The recent reviews
on the state of the art of laminated glass beams are presented in
Asik and Tezcan (2006), Ivanov (2006), Koutsawa and Daya (2007).
In this paper we present results of structural an experimental
analysis of laminated glass beams with core layers from different
polymers applied in the photovoltaic industry. Furthermore we ex-
tend the results of previous works on laminated glass beams (Asik
and Tezcan, 2006; Ivanov, 2006; Koutsawa and Daya, 2007) as
follows:
 To analyze the behavior of beams we apply three structural
mechanics models. We start with the FSDT and derive expres-
sions for the bending and the transverse shear stiffness of the
beam. Then we develop a LWT assuming that the deformation
of layers can be described by the beam equations. We derive
closed form solutions for the maximum deﬂection and the
transverse shear strain of the beam under three-point bending.
To verify the assumptions of FSDT and LWT we perform a ﬁnite
element analysis with solid type ﬁnite elements.
 For very low values of l, i.e. for very soft cores one might expect
that the FSDT overestimates the deﬂection and a LWT should be
applied. However, above a certain value of l the FSDT is still
valid and provides a reasonable estimation of the deformation.
Many solutions for beams and plates of various shapes accord-
ing to FSDT are given in the literature and can be used for lam-
inated glass structures. In contrast, equations of LWT are rather
complex and closed form solutions are only available for glass
beams (Asik and Tezcan, 2006; Ivanov, 2006; Koutsawa and
Daya, 2007). We compare the results of FSDT and LWT for
beams and discuss the applicability ranges of both theories.
 Let l be the length of the half of the beam and a be the distance
from the center of the beam to the position of the support. The
results given in Asik and Tezcan (2005), Ivanov (2006), Koutsa-
wa and Daya (2007) are only applicable for simply supported
beams, i.e. for l = a. For laminated glass beams with very low
shear modulus of the core layer we expect the essential trans-
verse shear strain outside the beam span. Therefore we derive
S.-H. Schulze et al. / International Journal of Solids and Structures 49 (2012) 2027–2036 2029solutions for beams under real three-point bending and analyze
the inﬂuence of the ratio (l  a)/a on the maximum deﬂection.
 We perform the experimental analysis of beams with core lay-
ers from different polymers used in the photovoltaic industry
including EVA, PVB and TPSE. We compare the results of the
structural analysis with the experimental data and discuss the
applicability of the derived equations.
2. Structural analysis
The basic feature of the laminated glass beams considered is the
small thickness and the relatively low shear stiffness of the poly-
meric core layer if compared to the glass skin layers. Therefore, a
suitable structural mechanics model should be selected that cap-
tures the load transfer between the layers and reproduces the
shear deformation of the polymer encapsulant accurately. We be-
gin with the FSDT and present formulae for the maximum deﬂec-
tion and for the averaged stiffness of the beam. Then we develop
a LWT assuming that the behavior of layers can be described by
the beam equations. Appropriate forces of interactions between
the layers will be introduced. For the beam under three-point
bending the closed form solutions for the deﬂection and the trans-
verse shear strain will be presented. Finally, to illustrate the appli-
cability of the simplifying assumptions of the beam theories we
perform a three-dimensional ﬁnite element analysis by the use of
solid elements. The maximum deﬂection according to the beam
theories will be compared with the results of the ﬁnite element
analysis.
2.1. First order shear deformation theory
Let x be the axial coordinate that describes the position of the
cross sections with the origin in the central point of the beam,
Fig. 3. From the equilibrium conditions for the part of the beam
with the length a + x the bending momentM(x) and the shear force
Q(x) can be computed as follows
MðxÞ ¼ F
2
ða xÞ; QðxÞ ¼  F
2
; 0 6 x 6 a: ð1Þ
The constitutive equations for the stress resultants are
MðxÞ ¼ Bu0; QðxÞ ¼ Cðw0 þuÞ; ð   Þ0 ¼ d
dx
ð  Þ; ð2Þ
where B is the bending stiffness, C is the shear stiffness, u(x) is the
cross section rotation and w(x) is the deﬂection. With Eq. (1) the
Eq. (2) can be integrated providing the cross section rotation andFig. 3. Geometry and lothe deﬂection. Applying the boundary condition w(a) = 0 and the
symmetry condition u(0) = 0 the following results can be obtained
uðxÞ ¼ F
4B
x 2a xð Þ;
wðxÞ ¼ F
12B
ða xÞ 2a2 þ 2xa x2 þ F
2C
ða xÞ; 0 6 x 6 a: ð3Þ
The maximum deﬂection is
wmax ¼ wð0Þ ¼ Fa
3
6B
þ Fa
2C
: ð4Þ
The ﬁrst term in Eq. (4) is the deﬂection according to the Bernoulli-
Euler beam theory, while the second term is the contribution due to
transverse shear deformation. The key step in the use of Eq. (4) is to
compute the bending and the shear stiffness of the beam from the
properties of the constituents. To designate the properties of the
core and skin layers let us apply the subscripts c and s, respectively.
Let Ei be the Young modulus, Gi the shear modulus and hi the thick-
ness of the layer i, i = c, s. The bending stiffness of the composite
beam can be computed as follows (Altenbach et al., 1998)
B ¼ bh
3
12
Es 1 a3
 þ Eca3 ; a ¼ hch ; ð5Þ
where h = 2hs + hc is the beam height and b is the beam width. For
beams with Ec/Es 1, Eq. (5) can be simpliﬁed to
B ¼ Es bh
3
12
ð1 a3Þ: ð6Þ
To compute the transverse shear stiffness let us apply the results gi-
ven in Altenbach (2000) for a sandwich plate strip subjected to uni-
form torsion couples on two parallel boundaries. To analyze the
deformations of the plate the direct approach and the three-dimen-
sional theory of elasticity are applied. The solutions are derived in a
closed analytical form. Comparison and averaging of results pro-
vides an expression for the transverse shear stiffness. In our nota-
tion the formula for the shear stiffness of the plate eC presented in
Altenbach (2000) is
eC ¼ 1
3
Gshk
2 1 a3 1 lð Þ ; l ¼ Gc
Gs
; ð7Þ
where k is the least positive root of the following equation
sin ka sin kð1 aÞ ¼ l cos ka cos kð1 aÞ: ð8Þ
For a homogeneous plate with l = 1. Eqs. (7) and (8) yieldeC ¼ jGh; G ¼ Gs ¼ Gc;ading of the beam.
Fig. 4. Normalized shear stiffness vs. normalized thickness of the core layer for
different ratios of the shear moduli.
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Mindlin (1951). Sandwich beams and plates applied in light-weight
structures are usually composed from relatively thick soft core layer
and thin skin layers with a relatively high stiffness. As shown in
Altenbach (2000) for sandwich plates the Reissner’s formula (Reiss-
ner, 1947) follows from Eqs. (7) and (8)
eC ¼ Gch:
For a laminated glass plate having a thin core layer with the low
shear modulus the approximate solution of Eq. (8) reads
k2 ¼ l
að1 aÞ ; ð9Þ
with Eq. (7) the approximate value of the transverse shear stiffness
is
eC ¼ 1
3
Gch
1 a3ð1 lÞ
að1 aÞ : ð10Þ
Fig. 4 shows the numerical solution of Eqs. (7) and (8) for 0 < a < 1
and three values of l. For the comparison, the plots of Eq. (10) are
presented. We observe, that for low values of l the approximate
formula (10) yields accurate results over a wide range of the nor-
malized thickness of the core layer. The accuracy of the formula
(10) decreases as l increases. Let us note that Eq. (10) provides
accurate results if the inequality l a(1  a) is satisﬁed. Based
on Eq. (10) the shear stiffness of a laminated glass beam can be
computed as follows
C ¼ 1
3
Gcbh
1 a3ð1 lÞ
að1 aÞ : ð11Þ
For very thin and compliant layers with a 1 and l 1 the formu-
lae (5) and (10) can be simpliﬁed to
B ¼ Es bh
3
12
; C ¼ Gcbh
3a
: ð12Þ2.2. Layer-wise beam theory
For very low values of the shear modulus Gc and/or the thick-
ness of the core layer, the ﬁrst order shear deformation beam
(plate) theory may fail to describe the deﬂection accurately. In-
deed, if the shear modulus Gc approaches to zero for a ﬁxed value
of hc, then according to Eq. (12) the shear stiffness of the beam ap-
proaches to zero and the second term in Eq. (4) tends to inﬁnity.In what follows let us discuss a layer-wise type beam theory
that includes the relative axial displacement of the glass layers as
an independent degree of freedom. Fig. 5(a) illustrates free-body
diagrams for three layers with the inﬁnitesimal length dx. The
mechanical interactions between cross sections of the layers are
characterized by normal forces Ni, shear forces Qi and bending mo-
ments Mi, i = 1,2,3. The interactions between layers are described
by the forces distributed along the axial coordinate. They include
normal forces q12 and q23 as well as shear forces t12 and t23. Accord-
ing to the hypothesis of the beam theory, beam cross sections re-
main plane during the deformation, i.e. they behave like rigid
planes. Therefore, according to the principles of rigid body statics,
the shear forces t12 and t23 can be replaced by the equivalent nor-
mal forces and bending moments distributed over the axis x,
Fig. 5(b). From the balance of forces and moments applied to each
layer the following equilibrium conditions can be derived
N01 þ t12 ¼ 0; N02 þ t23  t12 ¼ 0; N03  t23 ¼ 0; ð13Þ
Q 01 þ q12 ¼ 0; Q 02 þ q23  q12 ¼ 0; Q 03  q23 ¼ 0; ð14Þ
M01  Q1 þ t12
hs
2
¼ 0; M02  Q2 þ t12 þ t23ð Þ
hc
2
¼ 0; M03  Q3 þ t23
hs
2
¼ 0: ð15Þ
The stress resultants of the beam are related to the stress resultants
of layers as follows
N ¼ N1 þ N2 þ N3;
Q ¼ Q1 þ Q2 þ Q3;
M ¼ M1 þM2 þM3 þ ðN3  N1Þhs þ hc2 :
ð16Þ
For the axial displacements ui, deﬂections wi and rotations ui of the
layers cross sections i, we assume the following relations
u1 þu1
hs
2
¼ u2 u2
hc
2
; u3 u3
hs
2
¼ u2 þu2
hc
2
;
w1 ¼ w2 ¼ w3 ¼ w: ð17Þ
The kinematical constraints (17) imply that the layers are rigidly
connected on interfaces, Fig. 6, and the transverse normal deforma-
tion can be ignored. Sliding between the layers or delamination ef-
fects are not considered.
The constitutive equations for the forces and moments can be
formulated as follows
Ni ¼ Diu0i; Qi ¼ Ciðw0 þuiÞ; Mi ¼ Biu0i;
Di ¼ Eibhi; Ci ¼ jiGibhi; Bi ¼ Ei bh
3
i
12
;
ð18Þ
where Di is the tensile stiffness, Ci is the shear stiffness, Bi is the
bending stiffness, Ei is the Young modulus, Gi is the shear modulus,
ji is the shear stiffness factor and hi is the thickness. The index i is
related to the number of the layers. Because of constraints (17), the
interaction forces tij and qij are not deﬁned by the constitutive equa-
tions. They can be computed from equilibrium conditions (13)–(15).
The general solution of linear algebraic and linear ﬁrst order differ-
ential Eqs. (13)–(18) can be given in a vector-matrix form. For
example, a vector-matrix solution to the layer-wise plate equations
is applied in Mittelstedt and Becker (2008) to analyze stress ﬁelds in
the vicinity of free edges of laminated plates.
The aim of our study is to derive a comprehensible formula for
the deﬂection of the beam that can be used to evaluate three point
bending tests. To this end let us make two simplifying assump-
tions. First, let us assume that the bending resistance of the beam
is primarily determined by the skin layers. Therefore in Eq. (15)2
(a) (b)
Fig. 5. Free-body diagrams for layers with a length dx: (a) stress resultants and interaction forces; (b) replacement of shear forces by normal forces and bending moments.
Fig. 6. Axial displacements and cross section rotations of layers.
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glected. Eq. (15)2 yields
Q2 ¼ t12 þ t23ð Þ
hc
2
: ð19Þ
From Eqs. (16)3, (18)1 and (18)3 we obtain
M ¼ Esbhs
2
h2s
3
w0 þ ðhs þ hcÞhD0
 !
; w ¼ u1 þu3
2
;
D ¼ u3  u1
h
; ð20Þ
with hc = ah and hs = (1  a)h/2, Eq. (20) reads
M ¼ BW0; W ¼ 1
4
ð1 aÞ3wþ 6ð1 a2ÞD
1 a3
" #
; ð21Þ
where the bending stiffness B is deﬁned by Eq. (6).
The transverse shear stiffness of the glass layers is much
higher than the transverse shear stiffness of the polymeric inter-
layer. Therefore let us assume that the skin layers are shear rigid.
From Eq. (16)2 the resultant shear force can be computed as
follows
Q ¼ eQ þ Qc; eQ ¼ Q1 þ Q3; Qc ¼ Q2: ð22ÞFrom the constitutive Eq. (18)2 we ﬁndeQ ¼ 2Csðw0 þ wÞ; Qc ¼ Ccðw0 þucÞ; uc ¼ u2: ð23Þ
The shear rigidity of the skin layers implies that Cs should be set to
inﬁnity. Because the resultant force of the skin layers eQ is limited
we can assume
w0 þ w ¼ 0: ð24Þ
Therefore, the shear force eQ is not deﬁned by the constitutive equa-
tion. It can be computed from equilibrium conditions.
Subtracting Eq. (13)1 from Eq. (13)3 and applying Eqs. (18)1,
(18)2 and (19) leads to
D00 ¼ 1
3
Cc
B
1þ aþ a2
a
cc; c c ¼ w0 þuc: ð25Þ
Subtracting Eq. (17)1 from Eq. (17)2 we obtain
D ¼ 1 a
2
wþ auc; ð26Þ
with Eqs. (24) and (26), (25) reads
D00  b2D ¼ ð1þ aÞ
2
b2W; b ¼ 1þ aþ a
2
að1 aÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
3
Cc
B
r
: ð27Þ
For the beam shown in Fig. 3 the bending moment is
MðxÞ ¼
F
2 ða xÞ; 0 6 x 6 a;
0; a < x 6 l;

with the symmetry condition W(0) = 0. Eq. (21)1 can be integrated
as follows
BWðxÞ ¼
F
2 ax x
2
2
 	
; 0 6 x 6 a;
Fa2
4 ; a < x 6 l:
8<: ð28Þ
Eq. (27)2 takes the form
D00  b2D ¼ 
F
4B ð1þ aÞb2ðax x
2
2 Þ; 0 6 x 6 a;
 F4B ð1þ aÞb2 a
2
2 ; a < x 6 l;
(
ð29Þ
To formulate the boundary conditions let us rewrite Eq. (18)1 as
follows
D0 ¼ N3  N1
Dsh
: ð30Þ
Because the beam edge xl is free, we set N1(l) = N3(l) = 0 and accord-
ing to Eq. (30) the boundary condition is D0(l) = 0. Furthermore we
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tions D and D0 at x = a. The solution to Eq. (29) is
4B
Fð1þ aÞDðxÞ ¼
sinhbðlaÞsinh bl
b2 cosh bl
sinh bxþ cosh bx1
b2
þ ax x22 ; 0 6 x 6 a;
ð1coshbaÞ cosh bðlxÞ
b2 cosh bl
þ a22 ; a < x 6 l:
8<:
ð31Þ
The shear strain of the core layer cc can be computed from Eqs. (25)
and (31) as follows
4Cc
3F
ð1þ aþ a2Þ
að1þ aÞ ccðxÞ ¼
sinh bðlaÞsinh bl
cosh bl sinhbxþ cosh bx 1; 0 6 x 6 a;
1cosh bað Þ cosh bðlxÞ
cosh bl ; a < x 6 l;
8<:
ð32Þ
with Eq. (21)2, (24), (26) and (31) we obtain
2B
F
w0ðxÞ¼
 3ð1þaÞ2ð1aÞ2b2
sinhbðlaÞsinhbl
coshbl sinhbxþcoshbx1
 	
þax x22 ; 06x6a;
 3ð1þaÞ2ð1aÞ2b2
ð1coshbaÞcoshbðlxÞ
coshbl þ a
2
2 ; a<x6 l:
8>><>>:
ð33Þ
Integration of Eq. (33) with w(a) = 0 leads to the following expres-
sion for the deﬂection function
wðxÞ ¼
F
12B ð2a2 þ 2xa x2Þða xÞ þ F2CL ða xÞ
þ F2CLb ðsinh bx sinhbaÞ
þ F2CLb
sinh bðlaÞsinh bl
cosh bl ðcosh bx cosh baÞ
 	
; 0 6 x 6 a;
Fa2
4B ða xÞ þ F2CL
1coshba
b coshbl ðsinhbðl aÞ  sinh bðl xÞÞ; a < x 6 l;
8>>><>>>:
ð34Þ
where
CL ¼ 49Cc
1þ aþ a2
að1þ aÞ

 2
: ð35Þ
The maximum deﬂection can now be computed as follows
wmax ¼ Fa
3
6B
þ Fa
2CL
þ F
2CLb
sinhbðl aÞ  sinhbl
coshbl
ð1 coshbaÞ  sinh ba

 
:
ð36Þ
The ﬁrst two terms in Eq. (36) coincide with the solution according
to FSDT (4) ifCL = C. ThereforeCL has the meaning of the transverse
shear stiffness of the laminated glass beam. For a2 a and jc = 1
Eq. (35) simpliﬁes to
CL ¼ 49
Gcbh
a
: ð37Þ
The value of CL (37) according to LWT is close to the value of C gi-
ven by Eq. (12)2. The third term in Eq. (36) provides a correction to
the FSDT for beams with low shear stiffness of the core layer. To
analyze this correction let us rewrite Eq. (35) as follows
wmax ¼ Fa
3
6B
1þ 3ð1þ aÞ
~bð1 aÞ
 !224
 1þ sinh
~bf sinh ~bð1þ fÞ
~b cosh ~bð1þ fÞ ð1 cosh
~bÞ  sinh
~b
~b
 !#
;
ð38Þ
where
~b ¼ ba ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3CLa2
B
r
1þ a
1 a ; f ¼
l a
a
: ð39ÞThe parameter ~b primarily depends on the shear stiffness to the
bending stiffness ratio. For CLa2 B, ~b!1. From Eq. (39) the solu-
tion for the Bernoulli–Euler (shear rigid) beam follows
wmax ¼ Fa
3
6B
: ð40Þ
For CLa2 B, ~b! 0. This is the case of a laminated glass beam with
the negligible shear stiffness of the core layer. Eq. (38) yields
wmax ¼ Fa
3
6B
; ð41Þ
where
B ¼ B
1þ 3 1þa1a
 2
is the corresponding bending stiffness. For a = 0, B ¼ Esh3=48 is the
bending stiffness of two adjacent glass beams without the shear
connection. Fig. 7 shows the normalized maximum deﬂection as a
function of the parameter ~b. The limit cases of a shear rigid beam
and a beamwith the zero shear stiffness of the core layer can be rec-
ognized. For the comparison the solution according to FSDT
wmax ¼ Fa
3
6B
1þ 3ð1þ aÞ
~bð1 aÞ
 !224 35 ð42Þ
is plotted. For ~b > 100 the maximum deﬂection is given by the Ber-
noulli-Euler beam theory. For 10 < ~b < 100 the FSDT should be ap-
plied. For 0 < ~b < 10 the FSDT overestimates the maximum
deﬂection and the correction according to LWT is required. Let us
note that in order to compute the maximum deﬂection for
0 < ~b < 0:1 the Bernoulli–Euler beam theory is again applicable.
The parameter f in Eq. (39) characterizes the relative difference
in the beam length to the beam span. For beams under three-point-
bending, it usually takes the values within the range 0 < f < 1. For
f = 0 the solution for a simply supported beam follows from Eq.
(38). Similar solutions for simply supported beams are presented
in Asik and Tezcan (2005), Ivanov (2006). Fig. 7 shows the maxi-
mum deﬂection as a function of f. For beams with a relatively high
shear stiffness, e.g. with ~b ¼ 5 and for beams with very low shear
stiffness, e.g. with ~b ¼ 0:1, Fig. 7, the maximum deﬂection does
not depend on the parameter f. Therefore solution for a simply
supported beam can be applied. However, for beams with a low
shear stiffness of the core layer, for example with ~b ¼ 1, Fig. 7,
the maximum deﬂection depends essentially on f. The maximum
deﬂection decreases as the relative beam length to beam span in-
creases. This dependence should be considered in evaluating the
results of the three-point-bending tests for laminated glass beams.
Fig. 9 illustrates the transverse shear strain of the core layer as a
function of the axial coordinate. For beams with high shear stiff-
ness, for example with ~b ¼ 100 the solution qualitatively agrees
with the solution of the FSDT. Let us note that the FSDT provides
the averaged transverse shear strain of the beam Fig. 8
c ¼ 
F
2CL
; 0 6 x 6 a;
0; a < x 6 l:
(
According to the results presented in Fig. 9 the following relation-
ship between the maximum transverse shear strain of the core layer
and the maximum averaged transverse shear strain can be
established
ccmax ¼ cmax
2
3
1þ aþ a2
að1þ aÞ
For beams with 10 < ~b < 100 the above relation can be used to esti-
mate the maximum transverse shear strain in polymeric interlayers
Fig. 7. Normalized maximum deﬂection vs. parameter ~b for f = 0.25 and a = 0.05.
Fig. 9. Normalized shear strain of the core layer vs. normalized axial coordinate.
Fig. 8. Normalized maximum deﬂection vs. parameter f = (l  a)/a for a = 0.05.
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the core layer the essential transverse shear strain is observable
outside the beam span. In this case the LWT must be applied.2.3. Finite element analysis
The discussed models for laminated glass beams are based on
several assumptions. To verify the results of beam theories let us
perform a three-dimensional ﬁnite element analysis by the use ofABAQUS code. The ﬁnite element mesh is generated for a half of
the beam and includes 15744 quadratic (20-node) brick elements,
Fig. 10. The following parameters are speciﬁed
a ¼ 192 mm; b ¼ 50 mm; l ¼ 250 mm; hc ¼ 0:4 mm;
hs ¼ 2:92 mm; Es ¼ 70 GPa; ms ¼ 0:23; mc ¼ 0:45;
F ¼ 35 N; ð43Þ
where l is the length of the half of the beam. A series of ﬁnite ele-
ment computations is performed for different values of the Young’s
modulus Ec within the range [0.01–30] MPa. Three layers of ele-
ments are used to mesh the soft core. Several types of quadratic so-
lid elements available in the ABAQUS library have been tested:
C3D20R (reduced integration), C3D20H (hybrid) and C3D20RH (re-
duced integration, hybrid), ABAQUS (2003). For very low stiffness of
the core layer one may expect essential transverse normal and
transverse shear strains. Therefore geometrical nonlinearities (ﬁnite
displacements and strains) were included in the ﬁnite element
analysis.
Fig. 11 shows the maximum deﬂection as a function of the
Young’s modulus of the core layer. The solid line is the plot of
Eqs. (36) and (37) according to LWT, while the dots are results of
ﬁnite element analysis with three types of solid elements. We ob-
serve that the solutions agree well for the whole range of Ec. For the
values of Ec less than 1 MPa the computation time increases as Ec
decreases. This is due to the increase of the transverse shear strain
with the decrease of the stiffness of the core layer and the geomet-
rical nonlinearity of the three-dimensional problem. We observe
that even for low values of Ec the ﬁnite element solution agrees
well with the solution of LWT and approaches the limit case of
the glass layers without the shear connection. Let us note, that in
the considered example the maximum deﬂection is much less than
the total thickness of the beam. Therefore, the geometrical nonlin-
earities in the sense of von Kármán’s assumptions (Altenbach et al.,
1998) are negligible.
Fig. 10 shows the distribution of the axial displacement in the
beam obtained from the ﬁnite element analysis for Ec = 3.5 MPa.
In addition, the zooms of the deformed cross-sections in two re-
gions are presented. They illustrate that the transverse shear defor-
mation of the core layer is essential throughout the beam axis
including the zone outside the beam span.
3. Experimental analysis
Below we present our specimen preparation technique, experi-
mental test set up and results of mechanical testing. We carried out
tensile tests for determination of encapsulant properties and pres-
Fig. 10. Finite element mesh and distribution of axial displacement ux for Ec = 3.5 MPa.
Fig. 11. Maximum deﬂection vs. Young’s modulus of the core layer.
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bending tests.
3.1. Lamination of glass beams
For specimen preparation the polymer foil was placed between
a front and back glass with an average thickness of hs = 2.92 mm,
having a width b = 50 mm and a length l = 500 mm, and thenFig. 12. Scheme of a vlaminated on a vacuum laminator. The laboratory vacuum lamina-
tor used was a MeierIcolam with a heating rate of 10 K/min and a
maximum temperature of 180 C. The temperature variation with-
in lamination area of the heating plate was measured to be ±2%.
The heating plate is equipped with a cooling device where water
is used to maintain an average cooling rate of 2 K/min. The princi-
pal scheme of the vacuum laminator is given in Fig. 12. After plac-
ing the laminate stack on the heating plate at room temperature
and closing the cover, two chambers are separated from each other
by a ﬂexible rubber membrane. The vacuum lamination process
can be performed in three steps. After the chamber is closed, both
chambers are evacuated and the plate is heated. In the lower
chamber vacuum helps to remove air bubbles and evaporates be-
tween the glass layers and the polymer foil. In a following step
air is allowed to ﬁll the upper chamber up to a maximum atmo-
spheric pressure of 1 bar, pressing down the rubber membrane
onto the laminate stack. When the designated temperature is
reached, the laminate was pressed holding a constant temperature
for the designated lamination time. In a last step the heating plate
and the laminate are cooled down to room temperature with the
help of water ﬂowing through tubes that are embedded into the
heating plate. Three types of beam specimen have been manufac-
tured using EVA, PVB and TPSE as polymeric interlayer. Lamination
temperatures and holding times have been set to 140 C, 147 C,
175 C and 20 min, 10 min and 7 min, respectively. For each beam
type 10 specimen have been manufactured and tested. As a result
of different lamination temperatures, polymer viscosities and foil
thicknesses, average core layer thickness varies from hc = 0.4 mm
for PVB, hc = 0.12 mm for EVA to hc = 0.093 mm for TPSE.acuum laminator.
Fig. 14. Relative difference in the maximum deﬂection  vs. parameter f.
Table 1
Parameter ~b for laminated glass beams with
different core layers.
Material ~b
PVB Trosifol R40 1.37
EVA Etimex 496.10 4.96
TPSE Tectosil 185 10.85
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To perform tensile tests, a Zwick Z050 universal testing machine
was used. Test specimens of rectangular shape have been cut out of
foil rolls with a length of 200 mm and width of 15 mm. The gauge
length was set to 150 mm and the cross head speed for the tensile
test was set to 1 mm/min. All tests have been performed at room
temperature. Young’s moduli have been determined from tensile
curves for elongations between 0.05% and 0.25%. For EVA, PVB
and TPSE the Young moduli have been determined as Ec = 6.8 MPa,
Ec = 1.5 MPa, and Ec = 25.5 MPa, respectively.
3.3. Three-point bending tests
In order to analyze elastic load-deﬂection behavior of laminated
glass beams, ﬂexural testing was performed for 10 specimens for
each encapsulant material at room temperature. The support span
was 364 mm and the radius of the supports and bending ﬁns was
8 mm. Interlayer thickness was determined after lamination for
each of the specimen. The laminate beams have been stored at
room temperature for about 48 h before testing. Flexural testing
in the three-point bending mode was performed using a Zwick
Z050 universal testing machine with a cross head speed of
10 mm/min.
In Fig. 13 load vs. deﬂection curves for the measurements and
the calculated deﬂections from Eq. (36) are shown. In all cases
the maximum deﬂections are much less then the beam thickness.
Therefore, the derived equations according to geometrically linear
beam theories are applicable. While good agreement can be
achieved for glass beams with relatively stiff EVA and TPSE inter-
layer, deﬂections for glass beams with soft PVB interlayer are over-
estimated. One explanation for this discrepancy is an essential rate
dependence of the material behavior of amorphous PVB. Therefore,
a viscoelastic material model should be used to describe both the
tensile and the bending tests. In contrast, cross linked EVA and
TPSE do not show strong viscoelasticity (Schulze, 2011).
The relative difference in the beam length to the support span f
in three-point bending tests is usually within the range 0 < f < 1. In
our case f = 0.302. To illustrate the inﬂuence of f let us introduce
the relative difference in the maximum deﬂection  as follows
 ¼ wmax wmaxss
wmaxss
 100%;Fig. 13. Measured and calculated maximum deﬂection of laminated glass beams
with different core layer materials.where wmaxss is the deﬂection of the simply supported beam, that is
the deﬂection for f = 0. Fig. 14 shows the inﬂuence of f for three
interlayer materials. For relatively stiff TPSE the inﬂuence of f is
not essential. Therefore the result for a simply supported beam
can be used to evaluate the experimental data. For more compliant
materials like EVA and PVB the inﬂuence cannot be ignored.
To simulate the bending tests we applied Eqs. (36) and (37)
according to the LWT. With the parameter ~b deﬁned by Eq. (39)
the applicability of the FSDT for glass beams with different core
layers can be examined. Table 1 shows the values of the parameter
~b evaluated for different beams. For beams with PVB and EVA core
layers ~b < 5. To predict the deformation of the beam accurately the
LWT must be applied. For TPSE core layers ~b > 10. Therefore, the
FSDT gives a correct applicable.
4. Conclusions and recommendations
The aim of this paper was to perform the structural and the
experimental analysis of laminated glass beams with core layers
from different polymeric materials. The outcomes are robust rela-
tionships between the maximum deﬂection, the transverse shear
strain of the core layer and the applied force in a three-point-bend-
ing test of laminated glass beam samples.
Based on the results we may conclude as follows:
 To analyze the deformation of beams with thin and compliant
core layers the FSDT and the LWT are evaluated. The applicabil-
ity ranges of these beam theories is determined by the param-
eter ~b. For ~b > 10 the classical FSDT provides accurate results
for the maximum deﬂection and the maximum transverse shear
strain. For ~b < 10 the LWT must be applied. In this case the rel-
ative axial displacement of the skin layers is described by an
independent differential equation. The transverse shear defor-
mation is essential outside the beam span.
 For ~b < 10 the relative difference in the beam length to the sup-
port span f has an essential inﬂuence on the maximum deﬂec-
tion and must be taken into account in evaluating the results of
the bending tests.
2036 S.-H. Schulze et al. / International Journal of Solids and Structures 49 (2012) 2027–2036 For beams with EVA and TPSE core layers the results of simula-
tions agree well with the experimental data. For materials like
PVB a viscoelastic material model and the LWT are required to
predict the behavior of beams accurately. Further investigations
to elaborate the rate dependence of the material behavior in
both the tensile and bending tests should be performed.
 With the help of the derived expressions mechanical character-
istics of polymeric interlayers in laminated glass can be deter-
mined. For solar modules the properties of soft polymeric
encapsulant often change during vacuum lamination and reli-
able assessment of parameters is only possible by the testing
of a prototype, e.g. by the bending testing of a beam or a plate.
The derived expressions help to optimize mounting positions,
glass and interlayer thickness or other structural components
during the pre-design stage.
 The results of this paper provide a motivation for the use and
further development of the layer-wise plate theories to analyze
the deformation of the real solar modules.Acknowledgments
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